Method for the solution of the general boundary value problem of propagation of long and ultralong radiowaves around the earth by Krasnushkin, P. E.
\ 
National Aeronautics and Space Administration 
Goddard Space Flight Center 
Contract No.NAS-5-12487 
S T  - RWP -MAT - 10716 
METHOD FOR THE SOLUTION 
OF THE GENERAL BOUNDARY VALUE PROBLEM 
OF PROPAGATION OF LONG AND ULTRALONG RADIOWAVES 
AROUND THE EARTH 
bY 
P.E. Krasnushkin 
(USSR) 
(THRU) 
6 5 4  
, -, 
'I . 
GPO PRICE $ 
21 MAY 1968 CFSTl PRICE(S) $ 
Hard copy (HC) 25 dJd 
Microfiche (M F) t 4% - 
ff 653 July 65 
https://ntrs.nasa.gov/search.jsp?R=19680016182 2020-03-12T10:55:43+00:00Z
. 
c 
METHOD FOR THE SOLUTION 
OF THE GENERAL BOUNDARY VALUE PROBLEM 
OF PROPAGATION OF LOKG AND ULTRALONG RADIOWAVES 
AROUND THE EARTH 
Doklady A.N. SSSR, 
Matematucheskaya F i z i k a  
Tom 1 7 1 ,  No.1, 6 1  - 64 
Izd-vo "NAUKA" , 1968. 
by P. E. Krasnushkin 
SUMMARY 
The method c o n s i s t s  i n  the  cons ide ra t ion  of t h e s e  waves i n  a boundless  
medium subdivided i n t o  t h r e e  reg ions ,  t h e  Ear th ,  atmosphere and ionosphere.  
The s o l u t i o n  of t h e  boundary value problem i s  sought by us ing  t h e  method of 
connected l i n e s .  
works on t h e  s u b j e c t  of long  and u l t r a l o n g  radiowaves,  a longs ide  w i t h  some 
earlier f o r e i g n  works. 
I n  t h i s  work t h e  au tho r  r e f e r s  t o  a number of h i s  prev ious  
. *  
* *  
1. The basic traits  of t h e  waves considered are contained i n  t h e  follow- 
ing boundary v a l u e  problem. 
MaxwellJan equat ions  i n  s p h e r i c a l  coord ina te s  r, 8 ,  9 w i t h  d i e l e c t r i c  cons t an t  
t e n s o r  €((e, $, r) and subdivided i n t o  t h r e e  regions:  
L e t  us  cons ide r  a boundless medium, descr ibed  by 
1) The Ear th ,  0 < r < a ( 0 ,  $), where E degenera tes  i n t o  scalar &(e, 4,  r) = 
= €'  + iE", E" # 0; 
2) t h e  atmosphere, a(e ,  +) < r < c ( 8 ,  $1, where = 1 and 
3) t h e  ionosphere,  c ( e ,  4) < r < where Ti! is  a r b i t r a r y ,  b u t  as r -t co 
e * € =  cons t .  
+ + 
We seek  i n  t h i s  boundless  region t h e  amplitudes E(M) and H(M) of e l e c t r o -  
magnetic f i e l d s  induced by Hertz  d i p o l e  P6(8, 1: - b) exp ( - i w t )  
d e l t a - f u n c t i o n ) .  For t h e  same of s i m p l i c i l y  of t h e  expose w e  cons ider  $ as in-  
dependent of + and equa l  t o  ;%(e, 9 
(6 being  a 
= $, r ) ,  where 4 = $ = cons t  i s  a p l ane  
(*) METOD RESHENIYA OBSHCHEY KRAYEVOY ZADACHI RASPROSTRlWENIYA DLINNYM 
I SEVRKHDLINNYKH RADIOVOLN VOKRUG ZEMLI 
i 
! 
2 
pass ing  through t h e  p o l a r  a x i s  and observa t ion  p o i n t  M. 
the p o t e n t i a l s  A(8, r) and B ( 8 ,  r ) ,  l i n k e d  wi th  H = a B / r  28 and E$ = aA/  r 88 
and their  d e r i v a t i v e s  w i t h  r e spec t  t o  8,  C = a B / a  Q and D = a A  139, w e  s h a l l  
w r i t e  t h e  boundary va lue  problem i n  t h e  form 
Then, i n t roduc ing  
-+ 
where B(8,  r) i s  a single-columnmatrix with elements B,  A ,  C,  D,  by which 
a l l  t h e  components are expressed of f i e l d s '  3 and 8 ampli tudes,  des igna ted  
below as vec tor - func t ion;  Lrg is  t h e  diffes-c..ciel ope ra to r ,  represented  by 
a 4 X 4-matrix [/Ljjll, where 
a t  c o n t i n u i t y  cond i t ions  of  3 on t h e  i n t e r f a c e s  of  r eg ions  r = a and r = c 
and and l i m i t a t i o n  as r + 0, r + m ,  8 + 0, 8 + IT. 
Eq.(l) is approximate,  f o r  i n  i t  t h e  i n t e g r a l  is dropped, under t h e  s i g n  
of which s t and  t h e  products  of elements 3 by t h e  d e r i v a t i v e s  of  componentsof 2 
w i t h  r e s p e c t  t o  0.  
2. Method of Connected Lines.  We seek  t h e  s o l u t i o n  of (1) i n  t h e  form 
-f 
where bk i s  a vec tor - func t ion  with elements bk, ak, C k ,  dk, 
func t ion  wi th  elements  Yk, zk, Uk, vk, which is  t h e  e igenfunct ion  of o p e r a t o r  
LL-e 9 obtained from Lr8, by "freezing" with r e s p e c t  t o  8 of c o e f f i c i e n t s  i n  
l{ljiil; 8 e n t e r s  i n t o  L s  as a parameter.  
and ?k is  a vec tor -  
?k are determined from t h e  equat ion  
(yh, yr4) = 3hr ;  under cond i t ions  &.I' = A\ (5 1 
X(0) are eigenvalues  of LrF); they l i e  i n  the  2nd and 4 t h  quadrants  of p l ane  A. 
W e  s h a l l  number them i n  o rde r  of modulus inc rease ,  r e s p e c t i v e l y  k = 1, 2 ,  ... 
and k =-1, -2, ... Parentheses  i n  (5) denote  t h e  s c a l a r  products ,  wh i l e  t h e  
s tar  denotes  t h e  e igen func t ions  of t h e  conjugate  ope ra to r .  
Lre i n t o  (1): 
L e t  us i n t roduce  
a 
ao ( 6 )  -- . B - - r ~ . B + [ [ L ~ - - r o ] . B = P 6 ( 0 , ~ - - ) .  
S u b s t i t u t i n g  ( 4 )  i n t o  ( 6 ) ,  mult ip ly ing  s c a l a r l y  by ?=*, and t ak ing  i n t o  
I 
, 
I 
' .  . 3 
account  (51, w e  s h a l l  o b t a i n  a system of equat ions  of connected l i n e s  [l], 
i n t e g r a t e d  by means of a computer: 
S j i  
[ L , ~ - ~ ~ , , ] . Y ~  
ano the r  i n t e g r a l  over  V e n t e r s  i n t o  (7).  
range  from s p a t i a l  resonance cones [12] ,  neg lec t ing  S i i ,  w e  s h a l l  o b t a i n  a solu-  
t i o n  i n  t h e  form of a sum of modulated normal waves ( ) 
$re 4 x+4-matrices of complex numbers, formed from scalar products  
by Yk*. If t h e  spectrum of  Lre has  a cont inuous p a r t ,  then  s t i l l  
For s m a l l  Sii and Vk = V r ,  i. e. a t  
I n  (71, S j i  account f o r  the i n t e r a c t i o n  of normal waves over  p o r t i o n s  of 
8,  f o r  example i n  the s u n r i s e  and sunse t  band, t h e  cour se  where 2 depends on 
and a l s o  on account of inhomogeneity of space  metrics i l s p h e r i c a l  coord ina tes .  
It should be  noted t h a t  when the Ear th ' s  magnetic f i e l d  Ho i s  n o t  ver t ical ,  
when E e r  and €r are n o t  zero ,  V k #  -Y-k,  and t h i s  is  why t h e  p r i n c i p l e  of 
i n t e r a c t i o n  is  d i s r u p t e d  as waves propagate  a long  B . ( r e fe r  t o  [ l l ] ) .  
-:-:- 
3. I n  o r d e r  t o  f i n d  t h e  wave numbers vk, i t  i s  convenient t o  exclude C 
and D from (1) and pass  t o  equat ions of connected l i n e s  conta in ing  d e r i v a t i -  
ves of 2nd o r d e r  w i th  r e s p e c t  t o  8. 
a r y  v a l u e  problem on parameter v eigenvalues:  
Then (5) pas ses  i n t o  t h e  fo l lowing  bound- 
Yr/  + uY,' + 6Y + d,' + 3 2  = 0; 
Z , , " + e Z + f Y ; + g Y = O ,  
where t h e  prime denotes  t h e  d e r i v a t i v e  w i t h  r e s p e c t  t o  L; 
(5') 
(*) The normal waves [1 - 4,  11 )  are a l s o  c a l l e d  free, proper  (e igen) ,  
and i n  e n g l i s h  they  are c a l l e d  "residue waves and modes [5 - 71, which i s  no t  
p r o p e r l y  t r a n s l a t e d  as modes'' 1' 
4 
It is necessary to find v ,  assuring a nonzero solution of ( 5 ' )  at con- 
ditions of limitation IYI and 121 as r -+ 0 and r + a. It is practical to re- 
solve (5') on a computer by the "drive through" method of conditions as r + 0 
and r+ ootoward a certain point r = r, where Y, Z, Yr' and 2,' must be conti- 
nuous. 
joining of impedances IzI of the surface F = const for regions (T,a) and (F,O), 
denoted by Iz(Y + 0 land I.(? - 0)l and determinable by the expressions 
- 
Such a method is equivalent to the more economical "drive through" and 
Eo = Z i i V ( I :  * 0 ) f l o  + ZIZV(T'*  O)N,; E ,  = ZZ1V(F* 0)IIO +'Z2.V(F & O)H,; 
I z I  are expressed by Y, Yr', Z and Zrf. The joining equation of IzI will be: 
Its roots will be vk. 
find I z [  from (5') let us introduce the impedance functions 2, K; 
Z = KY; substituting them into (51, we obtain 
Let us choose for F the surface f = c. In order to 
Y = exp /u dr; 
u,' + 12' 4- uu -1 b -t C ( X ;  + UX) + bz = 0, 
(9) 
It + 2112; + 12% + lLrlX + c3c + f ir  + g = 0. 
For the computation of Izw(c + 0)l we shall integrate (9)+on the computer 
from rm to r = c, where r,>c is chosen in a region in which E is practically 
constant. The initial values of u(ra) will be obtained from Eq.(9) at UT' = Krf = 
= Kr:" = 0: 
+ passing to the Booker equation [&?I as r -+a, provided the link of E with plasma 
parameters is determined from the Lorentz equation [formula (1) from [ll]]. 
From the four roots of (10) we shall select uo(rm) and ue(ra), corresponding 
to ordinary and extraordinary waves escaping to +m. The initial K(rm) for 
these 2 will be found from the formula x = -(e'+ f u )  / (?+- 242) .  Integrating (9) 
from r = rm toward the side of L decrease, i. e. toward traveling waves, implies 
a continuous transformation of impedances of type-o and -e waves 
- 
from adiabatic values at r = r, to values .at the surface r = r. 
ces are linked with the earlier introduced impedances Zjk of the surface r = r 
by t h e  expressions 
These impedan- - 
Z i l  = (Z,. - Z,") 1 6 ;  212 = (XeZ,eZ,0 - X'OZzOZ,e) I 6; 
zzi = ( X =  - . X O )  l a ,  z21, = (X. - Xo) Z,'Z,O I 6, (12) 
where 6 = XcXze -Xo;5z0, Having carried integration to the point r = c, we shall 
obtain the impedances of z (c + 0) according to formulas (11) and (12). j k  
- I  . 5 
The impedances zjk (c + 0) are found in two stages. At first for two values 
z ~ ~ , ~ ( r o ) ,  ~ ' ~ ~ ( r a ) ,  where ro < a, corresponding to waves traveling toward the cen- 
ter of tne Earth, we integrate (9) from r = ro to the surface of the Earth, 
r = a, and we find analogously to the case of the ionosphere 
i 
Because of Earth's isotropy z u ( n  - 0) - -z$(d-O) = 0. The transformation of im- 
pendances on the following segment (a, c) is performed analytically by formulas 
- .-- 
R, (a', c') --izX, ( a  - 0) I?, (a ,  c') 
Q, (o', C) - ii;, (a  - 0) 23, (a ,  C) 
R, (a', c') 
JI, (u', C) ' 
- .___ rz% (c - 0) = 
where b(a,c) ere two-argument functions from from products of modified Hankel 
functions h:*."(l!;n) & I L ~ ' - ' ? ) ' ! x )  [2 - 41; z1 lV(c - 0) and Z ~ ~ V ( C  - 0) are zero. 
stituting (111, (12), (13) into (81, we obtain the final equation for the deter- 
mination of wave numbers of normal waves 
Sub- 
Concomittantly with (9) and (ll), Eq.(14) was utilized in [2, 31 for the 
case of vertical ?& , when (10) becomes biquadratic. 
such case are given by formulas (2.40) - (2.41) of [ 3 ] .  If the ionosphere is 
uniform, that is, if Ne = 0, for r < c and Ne = Ne,r > c ,  there is no necessi- 
ty to integrate (9), for the impedances are obtainable directly from (11) 
The values of i and I? for 
With these impedances Eq.(14) was utilized in the work [4] dor the case 
of vertical magnetic field of the Earth, when 'Or = 0, E* = -Ee+Err, A a &e8rr, 
and C e v o  are determined in this case from the biquadratic Eq.(lO) accord- 
ing to formulas (2.40-2.41) of the work [3]. In the vicinity of v = ka and 
v = kc functions h? and h? in (14) were approximated by Eyri functions: 
I(1.2)  *-  
I t ,  (z) = z"1 Ill,* (5); t; = - q (Y - 2) ;  q = fz/? 
by the "comparison method" of [9]. In the first of works [4], wher manual cal- 
culation was applied, we utilized the ables of functions h12 (z;) [lo] with 8 
significant numerals for the complex argument z; in the circle I r ; l  < 
[ 2 ,  31 for the computations of hlg (5) series were applied, that were available 
in preface to [lo]. 
6 .  In 
I .  . 
6 
- .  
In t roducing  Vk and Yk i n t o  ( 4 ' ) ,  w e  o b t a i n  I (one) approximation of 
The s o l u t i o n  of (7), t ak ing  t h e  s o l u t i o n  of t h e  boundary value problem. 
i n t o  account t h e  terms S j i  w i l l  give I1 approximation. 
t h e  i n t e r a c t i o n  of normal waves, we should t ake  i n t o  account t h e  i n t e g r a l  
terms, dropped i n  (7). 
To make more p r e c i s e  
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